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Abstract
We proposea new surfacerepresentationdeliveringan accurateapproximationto a setof pointsscatteredover
a smoothsurfaceby SparseLow-degreeIM plicits (SLIM). TheSLIM surfacerepresentationconsistsof a sparse
multi-scaleset of nonconformingsurfaceprimitives which are blendedalong view rays during the rendering
phase. Thisnew representationleadsto an interactivereal-timevisualizationof large-sizemodelsanddelivers a
betterrenderingquality thanstandard splattingtechniquesbasedon linear primitives.Further, SLIM allows us
to achieve a fast and accurate estimationof surfacecurvature and curvature derivativesand, therefore, is very
suitablefor manynon-photorealisticrenderingtasks.Applicationsto ray-tracingandsurfacesmoothingare also
considered.

1. Intr oduction

Ef�cient approximation,representation,and processingof
complex large-sizesignals,images,and shapesis of pri-
mary importancein many information-processingareas.
Sparseapproximationtechniquesaimed to build an eco-
nomical and accurate representationof an input sig-
nal as a combination of elementary signals have be-
come increasinglypopular in signal and image process-
ing [CDS01] (see also referencestherein). Sparserepre-
sentationsof 3D shapesand, in particular, 3D point scat-
tereddatahave received so far considerablylessattention
althoughradial basisfunctions[SPOK95, TO99, CBC� 01],
partition of unity [OBA� 03, OBS04b], moving least
squares[ABCO� 01, AK04, SOS04], and point splatting
[PZ� 00, RL00, KV01, BSK04] surfacerepresentationtech-
niques�t in theframeworkof sparsesurfaceapproximations.

In thispaper, weproposeanovel sparseshaperepresenta-
tion which approximatesa scatteredsetof pointsby Sparse
Low-degreeIMplicits (SLIM for short).Following thegen-
eralapproachof [PZ� 00] let usde�ne asurfaceelement,sur-
fel, asthetriplet

s= (c; r ; f (x)) ; (1)

wherec is thecenterof aball of radiusr and

f (x) = 0 (2)

deliversa local surfaceapproximationinsidetheball. Given

Figure 1: A SLIM-basedapproximation of the Stanford
Happy Buddhamodel consistingof only 25K cubic sur-
fels. Left: the surfel balls are colored according to their
sizewhich decreasesfrom blue to red. Middle: Themodel
is shadedusingthe �r st-order surfacederivatives.Left: the
meancurvaturemap.

a set of points P = f p1; : : : ;pNg sampledfrom a sur-
face in R3 and equippedwith normals, our SLIM rep-
resentationconsistsa sparseand hierarchicalset of sur-
fels f s1; : : : ;sMg, M � N, and delivers an accuratemulti-
resolution shapeadaptive approximationof the surface.
Sincewe want to achieve aninteractive real-timevisualiza-
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tion of large-sizemodels[LPC� 00], weuselow-degreepoly-
nomials(quadraticandcubic)aslocalapproximationsin (1).

TheSLIM surfacesarenotgloballysmooth(they areC� 1

smoothin terminologyof [WK04]) sincethey arecomposed
by nonconformingoverlappingsurfels(1) (ananalogywith
cabbageleavesseemsappropriatehere).It is worth to men-
tion herethat approximatingsurfacesby a set of noncon-
forming smoothelementsis now a standardFEM technique
(the so-calledvariationalcrime) for numericalsolving hy-
drodynamicsandthin-plateproblems[BS02].

OncetheSLIM representationof a givensurfaceis built,
we achieve a fasthigh-qualitysurfacerenderingby blend-
ing local approximations(2) along view rays. Furtherwe
estimatesurfacecurvaturesusingthesameblending-along-
view-raysprocedureappliedto derivativesof local approxi-
mations(2).

Figures1, 2, and3 demonstratemeritsof the SLIM ap-
proachin high-quality rendering(photo-realisticand not)
andaccuratecurvatureestimation.

Figure 2: Shadingand re�ection lines are usedto reveal
the quality of approximations.Top: SLIM approximations
of a sphere with linear andquadratic surfaceelements:the
sphere is approximatedby 128 linear surfels(left), 450 lin-
ear surfels(middle),105 quadratic surfels(right). Bottom:
re�ection lineson thePhong-shadedStanford Buddhamesh
consistingof about1M triangles(left) andona SLIM-based
approximationof the modelwith 50K quadratic primitives
(right).

While most of componentsof our approachare rather
known (ourhierarchicalrepresentationof splatsis similar to
thatof [LPC� 00], our local �tting procedureis anextension
of thatdevelopedin [OBS04b], theideaof usinghigh-order
localapproximationsfor betterrenderingwasalsoexploited
in [KV01], variousblending-along-view-raysschemeswere
usedin [PZ� 00, SJ00, PSG04], andonly theideaof blending
of derivativesof local approximations(2) seemscompletely
new), it deliversa uniquecombinationof fasthigh-quality
renderingandinteractivecurvaturefeaturedetection.

In the �eld of interactive high-quality surfacesplatting,
themaincompetitorsof ourapproachareDifferentialPoints

of Kalaiah and Varshney [KV01] and PhongSplattingof
Botschet al. [BSK04]. Roughly speaking,both Differen-
tial PointsandPhongSplattingdeliver a quadraticaccuracy
in surfaceapproximation.Howeverrenderingwith quadratic
patches(or usingequivalentlyaccuratelinearpatchesin the
spaceof surfacenormals)fails to deliver accurateresultsin
a small vicinity of the surfacecurveswith vanishingGaus-
sian curvature (the so-calledparaboliclines) wherea cu-
bic accuracy approximationis required[OY93]. In contrast,
quadraticandcubic patchblendingproceduresusedwithin
theSLIM approacharecapableto deliver higher-ordersur-
faceapproximations.

Our simple SLIM-basedprocedureof estimatinghigh-
ordersurfacederivativesleadsto a robustandfastdetection
surfacefeaturesbasedon curvaturesand curvaturederiva-
tives.For large-sizemodels,it can competewith suchso-
phisticatedfeature detectiontechniquesas one proposed
recently in [DFR04]. This makes our approachextremely
usefulfor variousnon-photorealisticrenderingapplications
[GG01, DFRS03].

TheSLIM surfacerenderingtoolkit accompanying thepa-
perallowsthereadertoverify ourclaimsmadeabove.Dueto
anout-of-corepreprocessingstageandsparsityof theSLIM
surfacerepresentation,practicallythereis nolimit to thesize
of modelsto beprocessedwith thetoolkit.

In this paper, we also demonstratethat the projection-
basedframework of our SLIM-basedshadingapproach(see
Section 3 for details) can be easily combinedwith ray-
tracingrenderingtechniques.

Finally, to stressimportanceof our approachto geomet-
ric modelingtasks,we considera simpleapplicationof the
SLIM-basedsurfacerepresentationto surfacedenoising.

Figure3: Shadingof - anddetectingsuggestivecontourson
- a lower part of the David statuemodelrepresentedas a
SLIMsurfaceat differentlevelsof detail.

2. CreatingSLIM surfacerepresentation

The SLIM representationof a smoothsurfaceconsistsof a
set of surfels (1) delivering overlappinglocal approxima-
tions of the surface.Our approachto generatingthe SLIM
representationcanbeconsideredasa multi-scaleextension
of the methodof generatingan adaptive partition-of-unity
surfaceapproximation[OBS04b] andconsistsof threecom-
ponents:selectingacenterc of anew surfels, computingthe
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surfel radiusr , determiningthe correspondinglocal poly-
nomialapproximationf (x) = 0. Looselyspeaking,we �rst
selectrandomlya new surfelcenterc amonghosepointsof
P which are not suf�ciently coveredby the alreadycon-
structedsurfels.Thenwe searchanoptimal r suchthat the
local approximationf (x) = 0 (which dependson c andr )
minimizesacertainerrormetric.

Local polynomial approximation. Given the two �rst
componentsof a surfel s de�ned by (1), our taskis to con-
structthethird component,local polynomialapproximation
f (x). Variousschemesfor local polynomial�tting werean-
alytically andexperimentallystudiedin [CP03, GI04]. For
our purposes,thefollowing simpleproceduresuf�ces. First
thesurfacenormalat surfelcenterc is roughlyestimatedby
averagingthe surfacenormalsassignedto the pointsof P
from the surfel ball fj p � cj < r g. Thena local coordinate
system(u;v;w) with theorigin at c is introduced,suchthat
theplane(u;v) is orthogonalto thenormalat c. Finally, the
bi-quadraticpolynomialassociatedwith surfels is givenby

f (x) = w�
�

a11u
2 + 2a12uv+ a22v

2 + a1u+ a2v+ ao

�
;

where,x = (u;v;w) andtheunknown coef�cients aredeter-
minedby minimizing thesumå wi f (pi)2 takenover P s =
P \ fj c � pj < r g. Herewi areGaussian-like weightspe-
nalizingpointswhich are“too far” from surfelcenterc. Es-
timatingthelinearandcubiclocalsurfaceapproximationsis
similar.

Optimal surfel radius. Giventhesurfelcenterc we deter-
minethesurfelradiusr usingaslightly modi�ed versionof
the MDL-basedprocedureproposedin [OBS04b]. The ab-
breviation MDL standsfor theMinimal DescriptionLength
principle, a scienti�c generalizationof Occam's razor. Let
e(r ) denotea local L2 error measureestimatingthe devia-
tion of pointsP s from local approximationf (x). We con-
sidera regularizationof e(r )2

E(r ) = e(r )2 + l (TMDL =r )2 ; (3)

wherel is constantandparameterTMDL is a user-speci�ed
parameterwhich controlsthe trade-off betweenthe sparse-
nessandapproximationquality. Indeedthe secondterm in
the right-handside of (3) prevents over�tting and penal-
izes the numberof primitivesusedto approximateP , see
[OBS04b] for a statisticalnatureof suchregularization.To
determinel in (3) we computethe smallesteigenvalueof
theco-variancematrix for eachpointof P with its tennear-
estneighborsandsetl equalto thearithmeticmeanof the
eigenvaluesoverall thepointsof P .

The imagesof Figure4 show typical behaviors of func-
tionse(r ) andE(r ) for surfaceregionsof variousgeomet-
ric complexity. Weemphasizeherethattheboththeenergies
e(r ) andE(r ) may have multiple minima.We useBrent's
method[PTVF93] to �nd essentialminimumsof E(r ). The
methodis basedon parabolicinterpolationandstartsfrom

threepointsr l < r m < r r suchthatthevalueof E(r ) at the
middle point is lessthan its valuesat the endpoints.Mo-
tivatedby the right imageof Figure4 we alsorequirethat
e(r l ), e(r m), ande(r r ) bemonotonicallyincreasing:

E(r l ) > E(r m) < E(r r ) ande(r l ) < e(r m) < e(r r ): (4)
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Figure 4: Graphsof E(r ) and e(r ) for surfaceregionsof
differentgeometriccomplexity.

Apparently, it is notobvioushow to determinethedesired
triplet (r l ; r m; r r ) in practice.In thefollowing,weuseaslid-
ing segmentstrategy for detectingessentialminima of (3)
andbuilding a tree-like hierarchicalsurfel-basedshaperep-
resentation.

Multi-scale surfel-basedapproximation. Let usdenoteby
L the main diagonalof the boundingbox of P , set r 0 =
L=10,andgenerateasequenceof overlappingsegments

�
r (k)

l ; r (k)
m ; r (k)

r

�
= r 0(gk+ 1;gk;gk� 1); (5)

whereg= (
p

5� 1)=2 is thegoldenratio,asseenin Figure5
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Figure5: Slidingintervalsfor minimum�nding of E(r ).

To ensurethatasetof surfelregionsB = f b jg, b j = fj x�
c j j < r jg, deliversa suf�cient cover of P , for eachx we
introduceanoverlapmeasure

o(B ;x) = å
b j 2B

GRj (kx� c jk);

whereGRj (r ) = G(r =Rj ) is aGaussian-likefunctionwhose
tails aresmoothlysplinedto zeroandRj = a r j . This addi-
tional parametera playsan importantrole in our rendering
schemeand will be discussedin the next section.We say
thatpointp 2 P is g-coveredby B if o(B ;p) � g. Wehave
foundthatg = 0:1 workswell for all modelswe tested.

An initial setof ballsB 1 is chosenasfollows.Initially all
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the pointsof P aremarked asuncovered.We pick c 2 P
randomlyandremovefrom thesetof uncoveredpointsthose
points pi for which fk pi � ck < r 0g. Then we chosean-
otheruncoveredpoint andrepeatthewholeprocedureuntil
nopointsof P remainuncovered.

For each selected point p we de�ne a surfel s =
(c; r ; f (x)) whoseradiusr is determinedby minimizing (3)
with the triplet (5) with k = 1. Surfel s de�nes a nodeat
the level k = 1. If both theconditionsof (4) aresatis�ed,a
valueof r minimizing (3) on [r l ; r r ] is found andassigned
to thesurfels which is consideredasa leaf node.Otherwise
r = r r is assignedto thesurfel.This procedurecreatestwo
familiesof surfels:the leaf surfelswhoseregionsareballs
B 1 andremainingsurfelswhichwill serveasinternalnodes
in atree-likestructurethatwearebuilding.Wecall thelatter
internalsurfels.Thelocal approximationsf (x) of the inter-

nal surfelsat level k = 1 arefoundwith r = r (1)
r = r 0.

On subsequentlevels k, partsof the input point set P
arecoveredby the balls of the setsB 1; : : : ;B k� 1. The re-
mainingpointsareuncovered(moreprecisely, coveredonly
by the regionsof internalsurfels).As on the �rst level, ap-
proximationcentersarechosenrandomlyfrom thesetof un-
coveredpointsuntil a covering setof centersfor level k is
constructed.Theballswhoseradii aredeterminedusingthe
triplet (5) satisfying(4) form B k andtheir surfelsarecon-
structed.Theremainingballsarethesurfel regionsor inter-
nal surfelswhoselocalapproximationsf (x) areconstructed

with r = r (k)
r = r 0gk� 1. Theprocedureis repeateduntil all

pointsP arecoveredby B =
S

k B k.

At the next stage,a renderingtree-like structureof balls
andtheir surfelsis built. The internalsurfelsat level k are
connectedwith surfelsat the (k+ 1)-level: a link between
aninternalsurfels= (c; r ; f ) at thelevel k anda surfels0=
(c0; r 0; f 0) (eitherleaf or internalone)at the(k+ 1)-level is
createdif c0 lies inside the region of s, asdemonstratedin
theright imageof Figure6. Finally, a ball enclosingall the
constructedballsis addedastherootnode,seetheleft image
of Figure6.

level 0

level 1

level 2

Figure 6: Surfel/balltree-like structure built for multi-scale
rendering. Left: theleaf nodesare coloredin red.Right: es-
tablishinglinks betweentwo subsequentlevel of thehierar-
chyof surfels(balls).

Figure 7 visualizesbuilding the surfel hierarchy for the
StanfordHappy Buddhamodel.

3. SLIM-based Shading

As mentionedin Introduction,typically the primitivesof a
compositeimplicit surface(RBF/PU/MLS) are blendedin

k = 2 k = 3 k = 4 k = 5 k = 6
Figure7: Convertinginternalsurfels(blue)into leafsurfels
(pink) for theStanford HappyBuddhamodel.

space.Usually direct renderingof suchcompositeimplicit
surfacesis computationallyexpensive: blendingsimplesur-
faceprimitives leadsto an algebraicallyandgeometrically
complex surfacefor which thebasicrenderingproblem,an
accuratedetectionof intersectionsbetweena ray anda sur-
face,hashigh computationalcomplexity. Seetheleft image
of Figure8.

Our simple, yet effective idea is to �rst �nd the inter-
sectionsbetweena viewing ray and the few low-degree
(quadratic/cubic)polynomialpatchescorrespondingto sur-
fels closestto the viewer andtheninterpolatethe resulting
pointson the ray, asshown in the right imageof Figure8.
This is in asensesimilar to splatting[ZPBG01] whenlinear
functionsare used,however, herewe useweightsthat are
derivedfrom theconstructionof therepresentation.

Figure 8: Left: blendingsurfaceprimitivesin spacegreatly
complicatespracticaldetectionof intersectionswith viewing
rays.Right:blendingof intersectionsbetweensurfaceprim-
itivesandviewing raysis computationallysimple.

Generating intersections on rays. Given a ray, we �rst
needa ray point q̂ that is expectedto be closeto the re-
sulting ray-surface intersection.Once q̂ is determined,a
setq̂-supportedsurfelsf si = (ci ; r i ; fi(x)) : kq̂ � cik < r ig
is collected.For eachsuchsurfel, intersectionqi between
fi(x) = 0 andtheray is computed(if thereareseveral inter-
section,we choosetheoneclosestto q̂). Thentheresulting
intersectionon theray is obtainedby simpleaveraging:

q =
å Gr i (kqi � cik) qi

å Gr i (kqi � cik)
: (6)

Differential propertiesof the individual implicit primi-
tives fi(x) = 0 areaveragedin thesameway, andcanbeused
to computenormalsor curvatures.For example,thenormal
in q is setto

n =
å Gr i (kqi � cik) Ñ fi(qi)

kå Gr i (kqi � cik) Ñ fi(qi)k
; (7)
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asdemonstratedin theleft imageof Figure9.

Figure 9: Left: computingnormalsfor SLIM-approximated
surfaces.Right: illustrating our forward renderingproce-
dure. Theredcirclesareusedto markinitial approximations
q̂s.Thegreendotandgreenarrowdenoteintersectionq de-
�ned by(6) andits normaln determinedby(7), respectively.

Forward rendering. Computing(6), (7) anddeterminingq̂
canbe ef�ciently performedusinga forward renderingap-
proachincluding a z-buffer. Our renderingmethodconsists
of two stages:First, all primitivesareforward projectedto
determinea lower boundon thez valueperpixel, andthen
the surfels supportingthe front-mostpoints are evaluated
andaveragedoneachray.

In the�rst stage,a point q̂uv for eachpixel (u;v) is com-
puted.Thedepthof q̂uv is initializedto thefarclippingplane.
Thenall leafsurfelssi = (ci ; r i ; fi(x)) areprojectedto thez-
buffer asfollows:

Step1: Projectthea -shrunkensurfelregionkx � cik < Rj ,
Rj = a r i , to thescreenspace.

Step2: For eachpixel (u;v) in theprojectedregion:

Step2.1: Findthe�rst intersectioñq of fi(x) = 0 andthe
view-raythrough(u;v). If thereis nointersection,then
continue .

Step2.2: If the depthof q̃ is lessthanthe depthof q̂uv,
setq̂uv = q̃.

Hereandeverywherebelow weusethecontinue state-
mentin thestandardprogrammingsense.

A kind of a -trimming in Step1 is usedto excluderegions
that areonly minimally supportedby the surfels.Basedon
ournumericalexperiments,we recommendto seta = 2=3.

Theright imageof Figure9 illustratescomputingq̂uv.

During the secondstage,we compute(q-position) and
(q-normal)asfollows. ThevariablesSquv, Sguv, andSwuv
usedbelow storesumsrequiredto evaluate(6) and(7) and
areinitialized to zero.

Step1: Projectthesphericalsupportregionkx � cik < r i to
thescreenspace.

Step2: For eachpixel (u;v) in theprojectedsupportregion:

Step2.1: If kq̂uv � cik � r i , thencontinue .
Step2.2: Find closest to q̂ intersection quv between

fi(x) = 0 and the correspondingview-ray through
(u;v). If thereis no intersection,thencontinue .

Step2.3: Computethe gradientguv = Ñ fi (quv) and the
spatialweightw atquv.

Step2.4: Squv+ = wquv, Sguv+ = wguv, Swuv+ = w.

After traversingall balls,we performnormalizations,quv =
Swquv=Swuv andnuv = Sguv=kSguvk, for eachpixel (u;v)
with Swuv 6= 0. Finally, Phongshadingis used.

View dependentre�nement. So far we have simply pro-
jectedthe surfel regionsto the screen.This might result in
many (very small) surfelsprojectedto one pixel. It is un-
likely that this is necessaryfor a goodvisual result.Soour
tree-like structuredescribedin Section2 is usedfor imple-
mentinga view-dependentLOD re�nement.We simply tra-
versethetree-likestructureaslongas

� the surfel region (ball) correspondingto the nodeinter-
sectstheview frustum,

� andthe sizeof the surfel region projectedon the screen
spaceis largerthanafew pixels(four pixelsin ourcurrent
implementation).

Wepaynospecialattentionto thecontours.

LOD shadingof SLIM-approximated1mm David statue
is illustratedin Figure10.

Figure 10: LOD shading of SLIM-approximated David
statue. Left: 730� 650 pixels,1.7 sec.Middle: 590� 650
pixels,1.0 sec.Right: 250� 650pixels,0.4 sec.Theimage
heightsare equalandabout650pixels.Computationswere
performedona 3.0GHzPentium4 CPU.

4. Results& Discussions

In Figures2,11, 12, 13, and17 we usere�ection lines,sug-
gestive contoursandcrestlines [DFRS03], curvaturemaps,
andshadingsfor demonstratingadvantagesof thequadratic
andcubic SLIM approximationsandcomparingthemwith
eachother.

Table1 presentsnumbersof leafsurfels,thresholdvalues,
computationaltime measurementsfor quadraticand cubic
SLIM approximationsof variouspoint datasets.Noticehow
compacttheSLIM shaperepresentationis.

The renderingresultsof our approachdemonstratethat
unconnectedhigher order primitives do representa very
goodcompromisebetweenausefulmodelingrepresentation
andthepossibilityof direct,fast,high quality visualization.
In addition,differential information is readily available in
every pixel, andcanbe usedfor NPR.Further, it turnsout
thata separateblendingof surfacederivativesoftenleadsto
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Figure 11: Two left images: the original Phong-shaded
meshmodelof the Stanford dragon (871K triangles) and
its suggestivecontours computedin the image plane. Two
right images: the model is SLIM-approximatedusing 44K
quadratic surfels.The suggestivecontours (also drawn in
theimageplane)aremuch cleaner.

Figure 12: Quadratic (left) vs.cubic (right) SLIM approxi-
mations.Top: coloring by kmax, themaximalprincipal cur-
vature. Bottom:blue ridgesconsistingof kmax-maximaand
red ravines.Using cubicSLIMsleadsto a bettercurvature
featuredetection.

Figure13: High-qualitysuggestivecontours (left) andcrest
lines (right) are easilydetectedon SLIM-approximatedAr-
madillo (middle).Thesefeature lines are computedin the
imagespaceassuggestedbyDeCarloetal. [2003].

a betterestimationof differential surfaceattributesthan a
conventionalapproachconsistingof surfacereconstruction
andthenestimatingdifferentialcharacteristicsof therecon-
structedsurface[OBS04a, GCO05]. It is especiallytrueif a
partition-of-unityreconstructionis usedandadvantagesof

å wi(x)D[ fi(x)]
å wi(x)

over D
�

å wi(x) fi(x)
å wi(x)

�
; (8)

whereD is a linear differentialoperator, areobvious.Here
f fi(x)g denotelocalsurfaceapproximationsandf wi(x)g are
blendingfunctions.The sketchof Figure14 andFigure15
illustrate advantagesof the left approximationin (8) over

the right one (PU) for D = Ñ in the blending-along-view-
rayscase.Figures16demonstratesthatthesameideawith D
usedto denotethematrix-valuedoperatorthesecond-order
derivativescanbeappliedfor robustcurvatureestimation.

Wiggly junction

pun
View direction

slimn

Figure14: Illustratingadvantagesof theleft approximation
in (8) over the right one in the blending-along-view-rays
case, D = Ñ.

Figure 15: Left: shading w.r.t. normals obtained via
blending-along-view-rays (the left equationof (8)). Right:
shadingw.r.t. normals estimatedfrom a partition-of-unity
surfacereconstruction(theright equationof (8)).

Figure 16: Coloring by meancurvature. Blending-along-
view-rays of 1st- and 2nd-order derivatives is used for
quadratic (left) and cubic (middle-left) SLIM primitives.
Necessaryderivativesare estimatedaccording to the right
part of (8) with quadratic (middle-right)and cubic (right)
surfacepatches.

In Figures12, 16, and 17 we compareapproximation
propertiesof SLIM surfacescomposedof quadraticandcu-
bic patches.Using cubic patchesallows for slightly better
shadingresultsandgivesa signi�cant improvementin esti-
matingsurfacecurvaturesandcurvaturederivatives.On the
otherhand,sometimescubic surfelsmay fail to deliver an
appropriateapproximationathigh-curvatureregionsduetoo
poorestimationof surfacenormals,seeasmalldefectin the
upperpartof thewing in thetop-rightimageof Figures17.

The tree-like structuredescribedin the third partof Sec-
tion 2 andcontainingthemulti-scalesurfacerepresentation
canbecreatedof�ine andout-of-core.Out-of-coreprocess-
ing is simple,becauseall calculationare local. The timing
resultsof Table 1 show that even large datasets(like the
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Figure17: TheCaltech felinemodel(200Kpoints)is SLIM-
approximatedwith 31K linear surfels(left), 16K quadratic
surfels (middle), and 12K cubic surfels (right) using the
samethresholding:TMDL = 0:02. Computationaltimes for
generating top-row images (approx. 450� 600 pixels) are
0.45sec.for linear elements,0.72sec.for quadratic ones,
and1.66sec.for cubicsurfels.

1mmDavid statuemodelwith 28million points)canbepro-
cessedin a matterof minutes,while smallerdatasetsare
typically a matterof seconds.In general,runningtimesare
quasi-linearin the input andoutput,wherethe factorin the
outputis muchlargerdueto theminimizationfor eachball.
The resultingmulti-scalerepresentationis not only better
suitedfor rendering,it is alsomuchmorecompact.

Model #points #leafs TMDL SLIM type Timing

Dinosaur 56K 6K 0:02 quadratic 8s
Dragon 438K 44K 0:01 quadratic 67s
Dragon 438K 31K 0:01 cubic 86s
ThaiStatue 5M 345K 0:005 quadratic 15m
David Statue 28M 933K 0:002 quadratic 64m

Table1: Timingresultsfor generatingSLIM-approximations
(timings for IO �le operationsare included)on a 3.0GHz
Pentium4. It requires about100 Mb per 1 million points.
The 1 mm David statuemodel is processedin an out-of-
core manner:the modelwas sliced in several parts along
the longest axis of its boundingbox. The slices are r 0-
overlappedfor computinglocal approximationscorrectly.

Theprojection-basedframework of ourshadingapproach
describedin Section3 is nicely adaptedfor implementing
ray-tracingmethods.The top imageof Figure 18 demon-
stratesstandardray-tracedrenderingof a quadraticSLIM-
basedapproximationof the Michelangelo's "Night" model
(courtesyof theDigital MichelangeloProject)with two light
sources.Sincetheoriginal modelhasmultiple gaps,asseen
in thebottomimagesof Figure18, theray-tracedimagecon-
tains small white spotswhich, if necessary, can be easily
eliminatedby imageprocessingtools.

Thebottomimagesof Figure18 presenta visualcompar-

Figure 18: Top: standard ray-traced rendering of a
quadratic SLIM-basedapproximationof the "Night" model
with two light sources; original 11M points are approxi-
matedby432K quadratic patches;it took86sec.for gener-
ating theimage (1000� 1000pixels).Bottom-left:a zoomed
fragmentof the model approximatedand rendered using
quadratic SLIM patches.Bottom-right: the samefragment
is renderedwith our implementationof theStanford QSplat
MultiresolutionPoint RenderingSystem(weuseour imple-
mentationinsteadof the original one proposedin [RL00]
andavailableonlinein order to equalizeshadingeffectsfor
thebottomimages).

isonof theSLIM andQSplat[RL00] approximations.While
SLIM deliversa signi�cantly bettersurfaceapproximation
thanQSplat,SLIM cancreatesmallbumpy defectsbecause
of its attemptsto cover misseddatagaps.Thesegapsare
mostly untouchedby QSplatbecauseit usessplatsof con-
stantsize.
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Figure 19: Left: a noisy meshusedfor testingin [JDD03] . Middle: the noisy meshis smoothedby non-iterative, feature-
preserving, bilateral �ltering scheme[JDD03]. Right: thesamedatais smoothedbyprojectingthenoisypointsontothecorre-
spondingSLIMsurface.

Our SLIM surfacerepresentationthatwe usefor render-
ingpurposesdoesnotdeliveranaccuratesurfaceapproxima-
tion. Strictly speaking,ourSLIM-basedvisualizationproce-
dureis not invariantw.r.t. rigid transformations.This is the
pricewepayfor fastrenderingandcurvaturefeatureextrac-
tion. On the other hand,we found out that the crest lines
[DFRS03, OBS04a], verydelicatesurfacefeaturesbasedon
1stand2ndcurvaturederivatives,changeonly slightly when
werotatethesurface.

Smoothing. Thereareseveralpossibilitiesto usetheSLIM
surface representationfor smoothingscatteredpoint data
(equippedwith normals)andmeshes.Onesimpleideacon-
sistsof usingtheaveragingprocedurede�ned by (6). Given
anorientedpoint(p;n), wesetq̂ = p, considertherayp+ tn,
anduse(6) to de�ne the smoothedlocationq of the initial
noisypointp.

For acomparisonwechoosethenon-iterativebilateral�l-
teringmeshsmoothingmethodof Jonesetal. [JDD03] since
it is simpleandelegant,theauthorsaccuratelyrecordedtheir
experiments,the sourcecodeandmeshesusedin [JDD03]
areavailableonline,andlast but not least,the methodwas
presentedin a recentSiggraphpaper. In Figure19 we com-
pare the methodwith our simple SLIM-basedsmoothing
procedureby smoothingamodelusedin [JDD03].

A slightly morecomplex SLIM-basedsmoothingscheme
can be usedfor processingnoisy meshes.Given a trian-
gle mesh,let us apply the projection operationdescribed
above to eachtriangle centroid, estimatethe normalsby
(7) and then �nd positionsof the new meshverticesby
minimizing theQuadricError Metric (QEM) [GH97]. This
meshsmoothingschemeis motivatedby thefeaturesensitive
surfaceextractionmethod[KBSS01] exploiting QEM. Fig-
ure20 demonstratesperformanceof theschemeby smooth-
ing anoisymeshreconstructedfrom pointdatadataacquired
by an inexpensive computer-vision system[BP]. The result
hasacomparablequality to thatobtainedin [OBS02] where
a computationallyexpensive but powerful meshsmoothing
methodwasdevelopedandthesamenoisydatasetwasused
for testing.

Sparsity analysis. We usethe handmodelmesh(courtesy
of FarFieldTechnologyLtd [Far]) to analyzesparsityprop-

Figure 20: Left: a noisymeshreconstructedfromdataac-
quired by a computer-vision system[BP] . Right: the mesh
is smoothedvia projectingthemeshcentroidsontoa SLIM
surfaceandgenerating new verticesby a QEM-basedopti-
mizationprocedure.

ertiesof the SLIM approximationswith linear, quadratic,
and cubic primitives. To determinethe approximationer-
ror we considerthe projectionprocedurede�ne in our �rst
smoothingschemedescribedabove.ThentheL2 approxima-
tion error is computedby normalizedaveragingof squared
projectionsof themeshvertices.Figure21 deliversa visual
comparisonof theSLIM approximationsof thesameaccu-
racy. Note that we need7 �oats to describea linear SLIM
primitive(thecoordinatesof thecenter, thesupportsize,and
the coef�cients) 12 �oats for a quadraticprimitive, and16
�oats for a cubicone.Thusthesparsityof thequadraticand
cubicSLIM approximationsarenearlyequalwhile thespar-
sity of thelinearSLIM is 1.5 timessmaller. As seenin Fig-
ure22, evena signi�cant increasingof thenumberof linear
primitivesis notsuf�cient to achieveacomparablerendering
quality.

However renderingwith linearprimitivesasin [RL00] is
alwaysfasterthanwith nonlinearones.Indeedtherendering
costdoesnot dependon the numberof primitives.It is de-
terminedby thenumberof ray/implicit intersectionsthatwe
have to computeanddependson thenumberof rays.
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Figure 21: Thesame0:01% L2-approximationaccuracy is
achievedwith 5.4K linear primitives (left), 1.9K quadratic
patches(middle),and1.3Kcubicpatches(right).

Figure 22: Left: a zoomedpart of thehandmodelapproxi-
matedby 1.9Kquadratic patches.Right: theSLIM approxi-
mationwith 25K linear primitivesis not enoughto achieve
a comparablerenderingquality.

5. Conclusionand Futur eWork

Wehavepresentedanew point-basedsurfacerepresentation
and demonstratedits usefulnessfor variousrenderingand
geometricmodelingtasks.

TheSLIM surfacerenderingtoolkit accompanying thepa-
perallows the readerto verify a high ef�ciency of our ren-
deringapproach.Thesourcecode,binaries,andsomemod-
els are available from http://www.riken.go.jp/lab-www/V-
CAD/VCAD-Team/members/ohtake/slim/

A generalopenproblemis to constructa good approx-
imation of a given surfacewith a small numberof higher
order elements.The large numberof unknowns (position,
supportregion,parametersof thepolynomial)makesanop-
timal solutionintractable.Particularavenuesareveryimpor-
tantthough:Addingelementsfor representingsharpfeatures
or ellipsoidalsupportsarelikely to enhancethesystem.

As the reader probably has noted, the SLIM and
MLS surfacerepresentationshave many similarities.Thus
SLIM can serve as a bridge betweenvarious splatting
techniques[RL00, SJ00, KV01, BSK04], partition-of-unity
approximations[OBA� 03, OBS04b], and MLS surfaces

[Lev04, ABCO� 01, AK04]. EquippingSLIM surfaceswith
necessarymathematicalrigor and clarifying relationsbe-
tweenvarioussurfacerepresentationsconstituteaninterest-
ing directionfor a futureresearch.

Our current implementationperformsall operationson
theCPU.We would expecta considerablespeed-upby per-
formingsomepartsof thenecessarystepsonprogrammable
hardware,however, havenotexploitedthisoptionsofar.

Acknowledgments

Themodelsarecourtesyof theDigital MichelangeloProject
andStanford3D ScanningRepository(StanfordComputer
GraphicsLab), Cyberware, Caltech Multi-Res Modeling
Group,CaltechVisionGroup,andFarFieldTechnologyLtd.
We are grateful to the authorsof [JDD03] for making the
sourcecodeof their meshsmoothingmethodavailableon-
line. We would like to thank the anonymousreviewers of
thispaperfor theirvaluableandconstructivecomments.The
researchof the secondand third authorswas supportedin
partby theAIM@SHAPEproject(EU IST NoE506766).

References

[ABCO� 01] ALEXA M., BEHR J., COHEN-OR D.,
FLEISHMAN S., LEVIN D., SILVA C. T.: Point setsur-
faces.In IEEE Visualization2001(2001),pp.21–28. 1,
9

[AK04] AMENTA N., K IL Y.: De�ning point-setsurfaces.
ACM Transactionson Graphics23, 3 (2004),264–270.
Proceedingsof ACM SIGGRAPH2004. 1, 9

[BP] BOUGUET J.-Y., PERONA P.:
3D photography on your desk.
www.vision.caltech.edu/bouguetj/ICCV98/gallery.html.
8

[BS02] BRENNER S. C., SCOTT L. R.: TheMathemati-
cal Theoryof Finite ElementMethods, vol. 15 of Texts in
AppliedMathematics. Springer-Verlag,New York, 2002.
SecondEdition. 2

[BSK04] BOTSCH M., SPERNAT M., KOBBELT L.:
Phongsplatting. In Symposiumon Point-BasedGraphics
2004(2004),pp.25–32. 1, 2, 9

[CBC� 01] CARR J. C., BEATSON R. K., CHERRIE J. B.,
M ITCHELL T. J., FRIGHT W. R., MCCALLUM B. C.,
EVANS T. R.: Reconstructionandrepresentationof 3D
objectswith radial basisfunctions. In Proceedingsof
ACM SIGGRAPH2001(2001),pp.67–76. 1

[CDS01] CHEN S. S., DONOHO D. L., SAUNDERS

M. A.: Atomic decompositionby basispursuit. SIAM
Review 43, 1 (2001),129–159. 1

[CP03] CAZALS F., POUGET M.: Estimatingdifferential
quantitiesusingpolynomial �tting of osculatingjets. In
Symposiumon GeometryProcessing(Aachen,Germany,
2003),pp.177–187. 3

c
 TheEurographicsAssociation2005.



Y. Ohtake& A. Belyaev & M. Alexa / SLIMSurfacesandTheirApplications

[DFR04] DECARLO D., FINKELSTEIN A.,
RUSINKIEWICZ S.: Interactive rendering of sug-
gestivecontourswith temporalcoherence.In NPAR2004
(2004),pp.15–24. 2

[DFRS03] DECARLO D., FINKELSTEIN A.,
RUSINKIEWICZ S., SANTELLA A.: Suggestive contours
for conveying shape.ACM Transactionson Graphics22,
3 (2003), 848–855. Proceedingsof ACM SIGGRAPH
2003. 2, 5, 8

[Far] FARFIELD TECHNOLOGY:.
www.far�eldtechnology.com. 8

[GCO05] GAL R., COHEN-OR D.: Salientgeometricfea-
tures for partial shapematchingand similarity. ACM
TransactionsonGraphics24 (2005).Underrevision. 6

[GG01] GOOCH B., GOOCH A.: Non-PhotorealisticRen-
dering. AK PetersLtd, Publishers,Natick,Massachusetts,
2001. 2

[GH97] GARLAND M., HECKBERT P. S.: Surfacesim-
pli�cation usingquadricerrormetrics. In Proceedingsof
ACM SIGGRAPH'97 (1997),pp.209–216. 8

[GI04] GOLDFEATHER J., INTERRANTE V.: A novel
cubic-orderalgorithmfor approximatingprincipal direc-
tion vectors.ACM TransactionsonGraphics23, 1 (2004),
45–63. 3

[JDD03] JONES T. R., DURAND F., DESBRUN M.: Non-
iterative, feature-preservingmesh smoothing. ACM
Transactionson Graphics22, 3 (2003),943–949. Pro-
ceedingsof ACM SIGGRAPH2003. 8, 9

[KBSS01] KOBBELT L., BOTSCH M., SCHWANECKE U.,
SEIDEL H.-P.: Featuresensitive surfaceextractionfrom
volume data. In Proceedingsof ACM SIGGRAPH'01
(2001),pp.57–66. 8

[KV01] KALAIAH A., VARSHNEY A.: Differentialpoint
rendering.In EurographicsWorkshoponRenderingTech-
niques'01 (2001),pp.139–150. 1, 2, 9

[Lev04] LEVIN D.: Mesh-independentsurfaceinterpola-
tion. In GeometricModelingfor Scienti�c Visualization,
BrunnettG., HamannB., Müller H.„ Linsen L., (Eds.),
MathematicsandVisualization.Springer, 2004,pp. 37–
49. 9

[LPC� 00] LEVOY M., PULLI K., CURLESS B.,
RUSINKIEWICZ S., KOLLER D., PEREIRA L., GINZTON

M., ANDERSON S., DAVIS J., GINSBERG J., SHADE J.,
FULK D.: TheDigital MichelangeloProject:3D scanning
of large statues. In Proceedingsof ACM SIGGRAPH
2000(2000),pp.131–144. 2

[OBA� 03] OHTAKE Y., BELYAEV A., ALEXA M., TURK

G., SEIDEL H.-P.: Multi-level partitionof unity implicits.
ACM Transactionson Graphics22, 3 (2003),463–470.
Proceedingsof ACM SIGGRAPH2003. 1, 9

[OBS02] OHTAKE Y., BELYAEV A. G., SEIDEL H.-P.:

Meshsmoothingby adaptiveandanisotropicgaussian�l-
ter. In Vision, Modeling, and Visualization2002(2002),
pp.203–210. 8

[OBS04a] OHTAKE Y., BELYAEV A., SEIDEL H.-P.:
Ridge-valley lines on meshesvia implicit surface�tting.
ACM Transactionson Graphics23, 3 (2004),609–612.
Proceedingsof ACM SIGGRAPH2004. 6, 8

[OBS04b] OHTAKE Y., BELYAEV A. G., SEIDEL H.-P.:
3D scattereddataapproximationwith adaptivecompactly
supportedradial basisfunctions. In ShapeModelingIn-
ternational2004(2004),pp.31–39. 1, 2, 3, 9

[OY93] OLANO T. M., YOO T. S.: PrecisionNormals
(BeyondPhong). Tech.Rep.93-021,Departmentof Com-
puterScience,Universityof NorthCarolina,1993. 2

[PSG04] PAJAROLA R., SAINZ M., GUIDOTTI P.: Con-
fetti: Object-spacepoint blendingand splatting. IEEE
TransactionsonVisualizationandComputerGraphics10,
5 (2004),598–608. 2

[PTVF93] PRESS W. H., TEUKOLSKY S. A., VETTER-
LING W. T., FLANNERY B. P.: NumericalRecipesin C:
TheArt of Scienti�c Computing. CambridgeUniversity
Press,1993. 3

[PZ� 00] PFISTER H., ZWICKER M., , BAAR J. V., GROSS

M.: Surfels:Surfaceelementsasrenderingprimitives. In
Proceedingsof ACM SIGGRAPH2000(2000),pp. 335–
342. 1, 2

[RL00] RUSINKIEWICZ S., LEVOY M.: QSplat:a mul-
tiresolutionpoint renderingsystemfor large meshes.In
Proceedingsof ACM SIGGRAPH2000(2000),pp. 343–
352. 1, 7, 8, 9

[SJ00] SCHAUFLER G., JENSEN H. W.: Raytracingpoint
sampledgeometry. In EurographicsWorkshopon Ren-
deringTechniques2000(2000),pp.319–328. 2, 9

[SOS04] SHEN C., O' BRIEN J. F., SHEWCHUK J. R.:
Interpolatingand approximatingimplicit surfacesfrom
polygon soup. ACM Transactionson Graphics 23, 3
(2004), 896–904. Proceedingsof ACM SIGGRAPH
2004. 1

[SPOK95] SAVCHENKO V. V., PASKO A. A., OKUNEV

O. G., KUNI I T. L.: Functionrepresentationof solids
reconstructedfrom scatteredsurfacepointsandcontours.
ComputerGraphicsForum14, 4 (1995),181–188. 1

[TO99] TURK G., O' BRIEN J.: Shapetransformationus-
ing variationalimplicit functions.In Proceedingsof ACM
SIGGRAPH'99 (1999),pp.335–342. 1

[WK04] WU J., KOBBELT L.: Optimizedsub-sampling
of point setsfor surfacesplatting. ComputerGraphics
Forum23, 3 (2004),643–652.Eurographics2004issue.
2

[ZPBG01] ZWICKER M., PFISTER H., BAAR J. V.,
GROSS M. H.: Surfacesplatting.In Proceedingsof ACM
SIGGRAPH2001(2001),pp.371–378. 4

c
 TheEurographicsAssociation2005.


